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Abstract. Using conformal invariance we calculate finite-size corrections to the scaled
spectra of one-dimensional quantum chains at the critical point. An explicit application
to the Ising and three-state Potts model gives good agreement with analytical and numerical
results, respectively.

1. Introduction

In this paper we consider one-dimensional quantum chains, which are related to the
transfer matrix of two-dimensional spin systems (Fradkin and Susskind 1978, Kogut
1979). Suppose the Hamiltonian of such a quantum chain with an infinite number of
sites N to be conformally invariant at the critical point. If one succeeds in determining
the central charge ¢ of this system, then for ¢ <1 all possible (not every representation
has to be realised) energy eigenvalues are known at the critical point for N infinite
(Belavin et al 1984, Friedan et al 1984). The aim of this paper is to calculate finite-size
corrections to such a spectrum (notice that we stay at the critical point).

Let us first review some known results. The spectrum of a quantum chain at the
critical point in the finite-size scaling limit is given by certain products of two irreducible
representations (1R) A and A of two commuting Virasoro algebras with the same central
charge ¢ (Friedan et al 1984). We denote by A the highest weight, and by A+, the
rth level having degeneracy d (A, r) of one IR of the Virasoro algebra. (The degeneracies
d(4, r) can be computed using the character formulae of Rocha-Caridi (1985).) A
state will be labelled by |A+r, A+F; i), (i=1,2,...,d(A, r)d(4, 7)), so that, at the
critical point, we have for the scaled energy gaps as the number of sites N goes to infinity
FA+r,A+F,i)=(N/27)(E(A+r,A+F, i)~ E(0,0)) —> A+ r+A+F (1.1)
where we omit the index i if the state is non-degenerate and E denotes the energy.
In the same limit we have for the scaled ground-state energy (Affleck 1986, Blote er
al 1986)

& =(N/2m7)(E(0, 0)—a0N)7:: —-c/12 (1.2)
where a, is a non-universal constant.
For finite N one expects instead of (1.1) and (1.2)
FA+rA+F i) =8+r+A8+F+c,(A, 8, r, F; DN +c(A, B, 1, 7, DN"+. .. (1.3)
g0=_C/12+C.1N_a’+52N_a2+... (1.4)
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where 0 < a, < a, and the functions ¢, ¢,, ..., are unknown. Our aim is to clarify the
values of @ and c. If o is an integer we have analytic corrections, otherwise not.

The paper is organised as follows. In § 2 we calculate some finite-size corrections
in (1.3) and (1.4) for the case where the state |[A+r, A+ F; i) is non-degenerate. In §§ 3
and 4 we apply our results to the Ising model and the three-state Potts model and
compare them with the exact solution and numerical results, respectively. A summary
of our results is presented in § 5.

2. Finite-size corrections due to operators belonging to the conformal block of the unit
operator (analytic corrections)

Consider a strip of width N with periodic or twisted boundary conditions. We want
to calculate corrections to the spectrum of the conformal theory for N large. The
Hamiltonian will differ from the fixed point Hamiltonian by terms involving irrelevant
operators, so that for N large enough one has (Cardy 1986a)

N/2

H=H°+ZB,»J‘ dv ¢;(0, v) (2.1)
7 /2

-N
where B; are unknown constants and ¢; are local fields of the conformal theory. A
field ¢ on the strip depends on the variables w=7+iv and w=1-iv (-0<71<
0, ~N/2<v=< N/2). Sometimes we write ¢(r, v) instead of ¢(w, w). The choice
7=01in (2.1) is arbitrary due to translation invariance in the 7 direction. Let (A;+7,,
A;+F,) be the scaling dimension of ¢, and let

x;=A;+r+48+F,. (2.2)

One can show that the field ¢; will give, in k-order perturbation, corrections to the
gap (1.3) proportional to N~ **~2 If ¢(w) is a primary field then (L_,)(w) denotes
a field belonging to its tower, especially L_,(w) belongs to the tower of the identity.
In this section we investigate corrections up to order N %, coming from the tower of
the identity (A, =4, =0 in (2.2)). We start with a lemma.

Lemma. The operators If,f,z/z dvL_,(w), k=3, give no corrections in any order of
perturbation theory to the fixed point Hamiltonian.

Proof. 1t is sufficient to show that all matrix elements vanish. Consider

N/2
(A+r,5+i;i|J doL_ (w)|A'+r'; A+ 7))
-N/2
N/2
=5A_Ar55_516;,;r-|’ dvexp[(27/N)(r'=r){(r+iv)]
-N/2
x{(A+r, A+, iIL_(0)]A+r, A+ F; j)
= N85 20358, ,8::(A+1r, A+ 7, i|L_ (0)A+r, A+F; ). (2.3)
Now from
1 dn T
Law=——¢ 1Ty oygst-27)

2mi Jo (n—w)*!
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(the counter c,. surrounds the point w) one has for k=3
(A+r, A+F i|L_ (w)|A+r, A+F )
=[(k=2)117"98 A+ r, A+F; i|T(W)A+r,A+F, j)=0 (2.4)

since the last matrix element is w-independent. This completes the proof.

Having in mind that we are interested only in corrections up to N to the gaps (1.3),
we are left with the two possibilities

$1(w, W)= L_y(w)L_5(w) (2.5)
and
do(w, w) = Lz—z(W)'*'L—z—z(W) (2.6)

if we suppose that ¢, belongs to the tower of the identity. (The combination L?,(w) —
L?,(w) is not possible, since it does not respect the symmetry E(p) = E(-p).)

In order to calculate the matrix elements (A+r, A+ ri¢, (0, 0)|A+ r, A + F)—we sup-
pose that the state (A+ r, A+ 7) is non-degenerate—consider the spectral decomposition
of the three-point function

<¢A,:\(T| » U1)dil(ms, Uz)d)A,S(T}, v3))
= Z Z(Oa O|¢A,3(Oy O)lA+rlsZ+Fla ’>

Clv’_'2 Ly
X<A+rl’ E+Fl’ l!(bk(oa O)|A+r25 E+ FZ’])
X (A+1,, B+ Fy; jlda5(0,0)0, &gy TETET:

N s —Xa:
= Z a"l.":lflfzgl+r|§§+r:§$+n§?+’z (27)
T1.r2
Fi.Fy

and that of the two-point function

<¢A.:‘\(Tl7 Ul)¢A,5(7'3, Uz))
=2 (0,0{¢25(0,0){A+r, A+ 7, iXA+r, A+TF; i|d 4 5(0, 0)]0, 0)

rFi

X (flfz)‘}“(é?]f_z):wf

=Y b (66 (&L 8T (2.8)
where
& =exp{(27/N)[(7,— 7)) +i(v;— v;.) ]} (2.9)

From comparison one obtains for (A+r, A+ F) non-degenerate
(A+r, A+ (0,0)|A+r A+ P =a,,;./b,, (2.10)

Formulae (2.7) and (2.8) are valied for A and A different from zero. The case A=A=0
is obtained by replacing daa(w, w) by T(w)T(w) in formulae (2.7) and (2.8). If, let
us say, A is zero and A is not then one has to treat the w and w dependence separately.
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In order to obtain the corrections to the state (A+r, A+ 7)—which is supposed to
be non-degenerate—due to the operators (2.5) and (2.6}, we need the matrix elements

(A+r A+ r(L_,L_5(0,0)|]A+r, A+F)
=(A+r|L_5(0,0)|A+ r}A+F|L_5(0,0)|A+ F)
and
(A+r, A+ F|L*50,0)+ L25(0,0)|A+r, A+ 7)
=(A+r|L25(0,0){A+ ry+(A+ F|L?(0, 0)]A+ F)

respectively.
For A =0 one obtains from

(L_y(wi) L_y(wy)L_y(w3))

2
(2GS end ond an
x<H (mT(’?f)’ﬁZ»(,gx " zﬂ)
:<—1_> ,: C(E §2)2
V) La=ar-era-ar

_C_ & + (6:6)’° )_(£>3:|
48 (1—51 l_fz)4 (1"5152)4 24

3 2
(L_o(wy)L_5(wy)) = (27T) <§ (l(flfgzé)") +(£> )

(rlL_,(0,0)|rY= 27/ N)(r—c/24) (r=1).
Following the lines of {2.7)-(2.9) one obtains for A different from zero

(A+r|L_5(0,0)|A+r =27/ N)*/(A+r—c/24).

and

the element

After some tedious calculations one obtains in a similar way

(A+r|L2,(0,0)|A+7) = (2”) [(i>2+—1£+A(A )]

N 24 1440
where
A0, r)= (30 12)r(2r -3) (r#1)
_ _l_i r(2RA+r)(54+1)
A4, r)—(A+r)<<A 5 12)+_————(A+1)(2A+1)) A#0.

(2.11)

(2.12)

{(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

Summing up our results we have for ¢; belonging to the tower of the identity in (2.1)

N/2 N/2

H=H°+BIJ‘

-N/2 ~N/2

dv(L_,L_,)(0, u)+[32J do(L?,5(0, v)+ L2,(0, v)) +..

(2.19)
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the following corrections to the energy gap and the scaled ground-state energy:

F(A+r,A+F)=A+ +B+'+8—”3{ [(A+r——c)(5+r—i)—<—c—)2]
FhFn AN =Atrr b+ itz A 24 24) “\24

+B.[A(A, 1)+ A(4, F)]} +O(N™) (2.20)
e S 3[ c? (c2 11C>:|+O(N ), (2.21)
o = 12 N Bl BZ 36 90 .

Notice that one also has to consider corrections coming from local fields ¢; that do
not belong to the tower of the identity. In order to do this one has to specify the
model first.

3. Applications to the Ising model

On a chain with N sites the Hamiltonian of the Ising model is (Katsura 1962)

N N
H= —5/\; 21 o’(n) —% ZI [(1+y)a“(n+ 1) (n)+ (1 —y)o'(n+1)a*(n)] (3.1)
where o, o' and ¢ are the Pauli matrices. The normalisation of H, which is in
principle arbitrary, is fixed by the requirements of conformal theory (von Gehlen et
al 1986). The phase diagram is well known (Barouch and McCoy 1971). For all
y(0< y=1), there is a critical point at A, =1, which falls into the 2D Ising universality
class (for ¥ =1 one has the Ising model). At the critical point (A.= 1) and infinite size
the spectra of the Hamiltonian (3.1) with periodic and antiperiodic boundary conditions
are built by the irreducible representations (A, A) of two commuting Virasoro algebras
L, and L, with central charge c =3 (Cardy 1986b, Henkel 1987). The possible values
of (A, A) are (0,0), (3,3), (&, %) for periodic and (0, 3), (3, 0), (7%, ) for antiperiodic
boundary conditions.

By expanding the exact solution of (3.1), Henkel (1987) has obtained several
corrections to the conformal spectra (A =1, N =0). Let us list his results for the
non-degenerate states of the system at the critical point (A,=1)

FA+rA+F)=A+r+A+F+ (72 2NH/¥ =D (aA, ) +a(d, 7)) +O(N™*  (3.2)

2
%0=-2—L+IT72%7V—2<%—§)+0(N‘4) (3.3)
where
a(y, r)=(r+3’ O0<r=<3
a0, r)=(r—3%+4% r=0,2,3 (3.4)
a(i, r)=r*—iks r=0,1,2.

A comparison with (2.20) and (2.21) shows complete agreement for

3 1 4
B,=0 and Bz—gé;<?—§) (3.5)
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Until now we have concentrated our attention only on operators ¢, in (2.1) which
belong to the tower of the identity. If one allows other operators, one can only take
fields belonging to the tower of the energy density e—that has A = A =j—since other
fields do not have charge zero but the Hamiltonian (3.1) does. Therefore one obtains
only analytic corrections for the Ising model. Within the tower of the energy density
one finds essentially only one operator that gives N ~* corrections to the scaled spectra,
namely

N/2 N/2 _
BOJ dv ¢,(0, U)ZBOJ’ do(L_,L_,€)(0,v)
~N/2 -N/2
N/2 N/2 828
EBOJ dv(awan—'s)(O,v)=Boj dv<—2> {0, v) {3.6)
—-N/2 -N/2 kd
N/2 N/2 _
J do(L?,&)(0, v)=J do(L_,L_,&)(0, v) L,e=3L2 s
-N/2 -N/2

It is easy to see that in the first-order perturbation theory ¢, gives no contribution,
since it is a derivative. We have calculated the second-order corrections to all non-
degenerate states and obtained full agreement with (3.2) for

1 1 4
i=——l=S-2). 37
By 167'r2<‘y2 3) (3.7)
Note that 8, has to be real (hermiticity of the Hamiltonian), which is not the case for
3V3=+y=1. Calculating the contribution to the ground-state energy, one encounters

a divergent integral, which can be regularised. One can show that the final result is

regularisation independent.
N/2

Let V=80["y,,do(L_L_,£)(0, v), then

¢ N < (0] V]| Vio) N r
+—=—— TR L AL T/ il g
% 12 277,20 E®Q-E® 27 Jo

N x N/2 N/2
=~—Béj dTJ dv1 J’ dvz
27 0 —-N/2 ~N/2

x<0‘(L—1I:—15)(0, o)) (Lo, L e)(r, v,|0)
R el fon
= (N) Bo o dr _ﬁdv, 7ﬂdv2 _Eaggagl_g

2 x <
=~(1> (47TB0)2J' df Y (v+3)* exp[—7(r+3)]
N 0 v=0

d7 ) exp[—(E” - E¢”) )0 V]i)i| V|0)

1/2 {2

E=exp[—T+i(v;—v2)]

772

1920N°

One can also introduce a cutoff b (o dr...> [, dr...), which has the meaning of a
lattice constant and obtain

c @’ [ 3( N\* 7
ot —="—@mB)?| ~—=|—) +—+ :
0tz = N2 4Tk 16(27rb) 1920 O(b/N)]
The finite part is of course the same as in (3.8). Looking at the N dependence of the

divergent part, one sees that it can be absorbed by the regular part of the free energy,
i.e. the constant g, in (1.2).

w’ 27 _ 2
= T (4mBo) o 8(=3) = = (4, ) (38)
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Inserting (3.7) into (3.8) one sees that the operator ¢, also gives the right contribution
to the ground-state energy. In conclusion we have found that the Hamiltonian operator

N/2
H=H°+[3J’ dv(L_,L_e)(0,v)
-N/2
N/2
—3—[—1—5-5—(%3)2” do(L%5(0, v)+ L[2,(0, v)) (3.9)
6Ly 3 _N/2

where 8 is an arbitrary real number and as usual

1 N/2 _

H¢=— J. dv(L_,(0, v)+ L_,(0, v))+regular terms (3.10)
27 -N/2

has the same scaled spectrum as the Hamiltonian operator (3.1) at the critical point

up to O(N™*). Unfortunately we did not succeed in finding a criterion to fix the

parameter f3.

4. Applications to the three-state Potts model

Let us remind the reader that the spectra of the three-state Potts model with periodic
and twisted boundary conditions are built by the ir of two commuting Virasoro algebras
with central charge ¢ =% (von Gehlen and Rittenberg 1986, Cardy 1986b).

Since no analytic results are known, we will compare the predictions of (2.20) and
(2.21) to the numerical data of von Gehlen er al (1987). They found for the energy
gaps at the critical temperature the following N dependence:

FA+rA+F)=A+r+A+7+c,(8, A, )N +cy(A, A, r, AIN T+, (4.1)
Furthermore, they were able to explain the N %% corrections, namely setting
N/2
H=HC+’)/'|’ dU¢7/5»7/5(O,U)+... (42)
-N/2

where y = 0.009 237 (7). Notice that there are non-analytical and analytical corrections
in (4.1.).

In table 1 we show their values of c,(4, A, r, 7). For the scaled ground-state energy
they obtained

&o=—15s—0.0280(5)/N*+.... (4.3)

Table 1. Numerical values of ¢,(A, A, r, 7) (see von Gehlen et al 1987) defined by (4.1)
for several levels.

(A+rA+7) e,(A, A, F)
(0+2,0) —5.810(1)
(15, 1) +0.03238 (2)
(Fs+1,15) ~-1.6(1)

1% —0.328(2)

3 15) ~1.5(3)
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Comparing these values to (2.20) and (2.21) we obtain after a weighted fit 8, =
—0.002 (2) and B,=—0.0056 (3). Since these values are consistent with 8, =0 we set
B, to zero and obtain

B>=—0.0056 (6). (4.4)

If we do not restrict ¢; in (2.1) to the tower of the identity, then ¢, will have scaling
dimensions (A, +r;, A;+ 7). Since the Hamiltonian operator of the three-state Potts
model on a finite quantum chain has charge zero and is neutral under charge conjugation
the only possible values of (A;4,) are A, =A; =0, §, 5 or 3. (Rittenberg 1986). It follows
that N2 corrections to the scaled spectra can only be obtained from the tower of the
identity (i.e. A, =4, =0).

One important problem is still left. From (4.2) we expect, in second order, N™"°
corrections to the gaps, which were not found numerically. We have calculated these
corrections for the gap (2, 0) and the scaled ground-state energy &,, and obtain after
a regularisation

F(2,0)=2-0.01093 (2)/ N'"°+...

(4.5)
&= —1s—0.001721 (3)/ N"°+.....

(The numerical uncertainty is due to the uncertainty of y in (4.2).) A comparison of
these numbers with the coefficient of N ?in (4.1) and (4.3), respectively, explains why
von Gehlen et al (1987) did not find the N dependence (in calculations with N <12)
shown in (4.5).
Finally we show the explicit calculation of the corrections to the ground state in
(4.5). Consider the more general case
N/2
H:HC+7J dvdaz(0,v)+... (4.6)
-N/2
where A=A :=3x. Then in analogy to (3.8) one obtains in second-order perturbation
theory

N x N/2 N/2
$0+i=——yzj d‘rj dUIJ' dv,

12 27 o N2 -N/2
277 2x g.l 2
x(ﬁ) 1-o=
§) E=exp{—~(27/ N)[rt+itva—v}])

217 x=2 21 1
=—12 — = /2! 0 1; z). .
[ 7-ry<N> ] 2L dz F(x,x:1;z) (4.7)

The last integral is only convergent for 0 <Re x <1 and we are interested in x> 2 (F
is the hypergeometric function). For 0<Re x <1 we have after 2k partial integrations
! ko1 - x)(v=3x)F(2v - 2x)
dzz"* 7 'F(x,x; 1;z)=— =
J'O i ( D= L (% s =T —x)
[Pk+1-3x)%(1-x)
(1-)Ir*(k+1-x)
The right-hand side of this equation can be extended to all x with 0<Re x<k+1 and
x € N (for x half-integer one can show that the sum in (4.8) is well defined). This

method, which is obviously regularisation independent, has been used in the calculation
of (4.5).

(3v—2x)

1
J dzz¥* " '"F(x—k,x—k; 1, z). (4.8)
0
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Summing up, we have for the three-state Potts model

N/2

H=H‘+vy J dv d’7/5_7/5(0, v)

-N/2

N/2
+8, J dv(Lz,z(O, v)+ L2,(0, v)> +... (4.9)

-N/2

where y =0.009 237 (7) and S,= —0.005 6 (6).

5. Conclusions

Using conformal invariance at the critical point we have calculated finite-size correc-
tions to the spectrum of a one-dimensional quantum chain in the finite-size scaling
limit. Considering in (2.1) only local fields ¢,, that belong to the tower of the identity,
we have obtained finite-size corrections for the scaled spectrum of non-degenerate
levels up to O(N %) (of course, one also expects, in general, corrections due to fields
¢, that do not belong to the tower of the identity). With this frame one obtains only
corrections proportional to N * due to the fields ¢, = L_,L_,and ¢ = L?,+ L?,, which
are given in (2.18)-(2.21). For the Ising and the three-state Potts models we have
compared our results with the exact solution and numerical data, respectively, and
conclude that the field ¢, does not appear in (2.1) in both cases.
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